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ABSTRACT
Let D be a Dedekind domain. It is well known that D is then an atomic integral
domain (that is to say, a domain in which each nonzero nonunit has a factoriza-
tion as a product of irreducible elements). We study factorization properties of
elements in Dedekind domains with finite class group. If D has the property that
any factorization of an element « into irreducibles has the same length, then
D is called a half factorial domain (HFD, see [41]). If D has the property that
any factorization of an element « into irreducibles has the same length modulo r
(for some r > 1), then D is called a congruence half factorial domain of order r.
In Section I we consider some general factorization properties of atomic inte-
gral domains as well as the interrelationship of the HFD and CHFD property
in the Dedekind setting. In Section II we extend many of the results of [41],
[42] and [36] concerning HFDs when the class group of D is cyclic. Finally, in
Section III we consider the CHFD property in detail and determine some basic
properties of Dedekind CHFDs. If G is any Abelian group and S any subset
of G — {0], then {G, S} is called a realizable pair if there exists a Dedekind do-
main D with class group G such that S is the set of nonprincipal classes of G
which contain prime ideals. We prove that for a finite abelian group G there
exists a realizable pair { G, S} such that any Dedekind domain associated to {G, S}
is CHFD for some r > 1 but not HFD if and only if G is not isomorphic to
Zz, Z}, Zz @ Zz, or 23 @ Z3.

1. Introduction

The study of unique factorization domains (UFDs) has played an important
role in commutative algebra for many years. The papers [6] and [32]-[34] outline
some of the major results in this area. If D is a Dedekind domain it is well known
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that D is UFD if and only if the ideal class group of D is trivial. In the case where
D is a ring of algebraic integers, it is widely acknowledged that the size of the
ideal class group is a measure as to exactly how far D is from having unique fac-
torization. Carlitz was the first author to attach an arithmetical characterization
to the above idea. The main result of his paper [1], whose proof relies on the
fact proved in [14] that each ideal class of an algebraic number ring contains a
prime ideal, is as follows:

THEOREM. Let D be the ring of integers in a finite extension K = Q[8] of
the rationals. Then K has class number less than or equal to two if and only if
every factorization of an integer o into irreducible factors contains the same num-
ber of irreducible factors.

The above characterization has led to much additional research in commuta-
tive algebra and algebraic number theory. The objective of this work is to ex-
pand the existing results in these areas and explore in greater detail factorization
properties in Dedekind domains with finite class group. We concentrate on this
case since it parallels the situation in the ring of integers of a classic number field.
Since the result cited above in [14] does not hold in a general Dedekind domain,
these problems present new difficulty. We begin with a brief discussion of the
known results concerning factorization in algebraic number rings and then con-
centrate more closely on the general Dedekind case. The proofs of several of these
results involve an interesting combination of concepts from number theory, com-
mutative algebra, group theory and even combinatorics. For readers unfamilar
with ideal theory in the general Dedekind setting, Gilmer [11] is a good reference.

Let D be the ring of integers in a finite algebraic number field with class num-
ber 4. In [21] Narkiewicz poses the problem of giving an arithmetic characteriza-
tion of algebraic number rings with 4 # 1 or 2 along the lines of Carlitz’s Theorem
above. The papers of Czogala [7], Krause [16], DiFranco and Pace [8], Kac-
zorowski [15], and Salce and Zanardo [31] all address this problem. In [30] Rush
solved Narkiewicz’s problem using sets of completely irreducible elements (see
[15]). The papers [7] and [31] consider the following conditions on D which will
be of interest in Section 1I. Let n and k be positive integers greater than one and
oy, oz, Bys...,8k_1, and B, any irreducibles of D. D has property V, if the
equality o o, = 8, - - - B, implies k < n. D has property W, if it has property V,
and o? = 3, - - B, implies k£ = 2. Czogala observes in [7] that D has class num-
ber less than or equal to two if and only if D has property V.

Suppose D is as above and 4 > 2. The works of Narkiewicz [18]-[27], Sliwa
[371138] and Geroldinger [10] all consider specific problems concerning factor-
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ization properties of such algebraic number rings. In particular, Sliwa shows in
[38] that if G,, is the set of algebraic integers in D with factorizations of m dif-
ferent lengths, then G,, # @ for all positive integers m. Geroldinger [10] gener-
alizes Sliwa’s result in the following manner. Let « be a nonzero nonunit of D
and set L(a) = {m| « has an irreducible factorization containing m elements].
Geroldinger shows that for a domain D with divisor theory (see [35]) the set L(«)
is arithmetic for almost all « € D. For rings of algebraic integers he shows that
for all nonzero nonunits « of D

La) ={mm+1,...,m + k}

for some nonnegative integers m and k& which depend on . Many of the results
of Sliwa and Geroldinger are dependent on properties of finite abelian groups
studied in [22], [27], [28] and [29].

In [21] and [26] Narkiewicz poses the question of characterizing Dedekind do-
mains which satisfy the factorization property stated in Carlitz’s Theorem. The
papers of Zaks [41][42] consider this problem in broader generality in an atomic
domain (an integral domain D is atomic if any nonzero nonunit « of D can be
written as a product of irreducible elements; see [S], [12] and [40]). In [42] Zaks
defines an atomic integral domain which satisfies the factorization property of the
Carlitz Theorem to be a half factorial domain ( HFD). Papers by Skula [36], Michel
and Steffan [17] and Steffan [39] also consider integral domains with this prop-
erty. Notice that if D and K are as in [1] then Carlitz’s Theorem may be restated
as follows: a finite algebraic number field X has class number less than or equal
to two if and only if D is HFD. In [42] Zaks also makes the following definition
which is crucial to the characterization of Dedekind HFDs. Let P = {p,,...,p}
be a set of positive integers. P is splittable if whenever (n,/p;) + -+ (n/pi)
equals an integer for ny,...,n, positive integers there exist nonnegative integers
my,...,my such that m; < n; for all 7 and (m/py) +---+ (m/pi) = 1. Skula
[36] refers to such a set as a C-set. We note that not much is known in general
about splittable sets of positive integers. Zaks’ characterization which appears
in [42] is as follows (another form of this result appears in [36]).

THEOREM. Let D be a Dedekind domain with torsion class group G. Then
D is HFD if and only if whenever P,,. .., P, are prime ideals so that P{'. ..
P[* = Dx then there exists a subproduct P{"! ... P[" = Dy, m; < n;, where y is
an irreducible such that (m;|s;) + ... + (m,|s,) = 1 where s; Is the order of P;.

Zaks and Skula also prove several other important resuits concerning HFDs
in the papers cited above. These include: (1) If G is a nontrivial finite abelian
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group, then there exists a Dedekind domain D with class group G such that D
is HFD. (2) If D is Dedekind with class group Z, for p a prime integer, then
D is HFD if and only if all the nonprincipal prime ideals of D are in one ideal
class. (3) Let D be an atomic integral domain and let M be the set of nonzero
nionunits of D. D is HFD if and only if there exists a function /: Q — Z™ such
that the image of Q under /is Z%, /(st) = [(s) + [(¢) for all s and ¢ in Q, and
/(s) = 1if and only if s is irreducible in D. The function / is called a length func-
tion on D. In [41], Zaks asks whether (1) above generalizes to any abelian group
G. Michel and Steffan [17] extend (1) to three new classes of abelian groups: tor-
sion groups, free groups, and divisible groups. Whether or not the result holds
for all abelian groups G is still open.

Consider now the following generalization of a half factorial domain defined
by the present authors in [2]. An atomic integral domain D is a congruence half
factorial domain (CHFD) of order r if and only if there exists an integer r > 1

such that if []x; = [] y; with all the x; and y; irreducible, then n = m (mod r).
i=1 Jj=1

Clearly HFD implies CHFD for all r > 1. The results of [2] are twofold. First,
the authors construct a class of Dedekind domains which are CHFD for some
r > 1 but not HFD. Second, they show that Carlitz’ Theorem can be restated
in the following manner: if D is the ring of integers of a finite algebraic exten-
sion K = Q[6] of the rationals, then K has class number less than or equal to
two if and only if D is CHFD for some r > 1.

Before continuing we consider a result important to extending the ideas dis-
cussed to this point. Let G be an abelian group and S any subset of G — {0}.
Call the pair { G, S} realizable [17] if there exists a Dedekind domain D with class
group G such that the set of nonprincipal ideal classes which contain prime ideals
is precisely S. The question of when the pair {G, S} is realizable is explored in
papers by Grams [13], Michael and Steffan [17], and Skula [36]. Grams wrote
the earliest paper to completely answer the question for finite groups. Her work
is based on several important results of Claborn [3][4] which are also summa-
rized in [9]. The major result is as follows:

THEOREM. Let G be a finite abelian group and S a subset of G — {0}. The
pair {G,S} is realizable if and only if S generates G.

The results presented in this paper are in three areas. In Section II we consider
the interrelationship between atomic, half factorial and congruence half factorial
domains. We introduce the notion of representing nonprime irreducible elements
of a Dedekind domain as vectors and define a closure property on the set of irre-
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ducible vectors of D which is related to the properties V, and W, discussed by
Czogala in [7]. We draw further parallels between closure properties of these vec-
tors and counting the largest number of factorizations of different lengths that
a product of n irreducibles might have in D. In Section III we apply the vector
terminology of Section II and Grams’ Theorem to the existing work of Zaks on
HFDs to obtain a better description of realizable pairs {Z,, S} with associated
Dedekind domains which are HFD. In particular, when the elements of S all di-
vide n we introduce a characterization alternate to that of splittability. In Section
IV we expand our work in [2] and discuss the basic properties of CHFDs. Fi-
nally, we prove the following Theorem: for a finite Abelian group G there exists
a subset S of G — {0} such that any Dedekind domain associated to the realizable
pair {G, S} is CHFD of order r for some r > 1 but not HFD if and only if G
is not one of the groups Z,, Z;, Z, ® Z,, or Z @ Z;.

In questions related to the counting of the number of irreducible factors in
factorizations in a Dedekind domain, those irreducibles which generate principal
prime ideals always behave well due to the unique factorization of ideals in the
Dedekind setting. That is, if v = ;- - a4 = 8- -- B, represents two factoriza-
tions of v into irreducibles, the number of «; which generate principal primes
is the same as the number of 3, which generate principal primes. Thus for the
following discussion we will usually assume without loss that the factorizations
are produced only by irreducibles that do not generate prime ideals.

II. Atomic domains and closure properties

We can immediately deduce the following relationship between HFDs and
CHFDs.

THEOREM 2.1. Let D be an atomic integral domain. The following are
equivalent:

(1) D is HFD.

(2) D is CHFD of order r for all r > 1.

(3) D is CHFD of order r for infinitely many positive integers r. ]

Before exploring Dedekind HFDs and CHFDs in detail, we consider the HFD,
CHFD and several related conditions on an atomic domain in general. In [5],
Cohn states without proof that an atomic integral domain satisfies the ascending
chain condition for principal ideals (a.c.c.p.). Grams [12] provided a counterex-
ample to this conjecture. Zaks [40] provided several additional examples of atomic
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domains without the a.c.c.p. We now show a positive relationship involving the
HFD and a.c.c.p. properties.

THEOREM 2.2. Let D be HFD. Then D satisfies the a.c.c.p.

Proor. Let D be HFD and suppose x; and x, are nonzero nonunits of D.
Let /(x) be the length function on D mentioned in Section I. Then (x,) € (x,,)
implies /(x,,) < [{(x,). It easily follows that if x, € (x,,) and /(x,) = /(x,,) then
(x,) = (x,;,). Thus if

X)) S () S-S (x,) &+

were an ascending chain of proper principal ideals, it becomes stationary when
I(x,) attains its minimum. [ |

The above theorem leads us to the following general relationships:

THEOREM 2.3. Let D be an integral domain. Consider the conditions:
(1) D is UFD.
(2) D is HFD.
(3) D satisfies the a.c.c.p.
4) D is atomic.
The following implications, and no others, hold:

(1) = (2) = (3) = (4).

Proor. Clearly (1) implies (2). (2) implies (3) by the Theorem above. (3) im-
plies (4) by an elementary argument. The domain constructed by Grams in [12]
provides a counterexample to (4) implies (2), (3) and (1). Any ring of algebraic
integers of class number greater than 2 provides a counterexample to (3) implies
(2) and (1). Any ring of algebraic integers of class number 2 shows that (2) does
not imply (1). [ |

If
(5) D is CHFD for some r > 1,
then the diagram above becomes
(H=@2)=03)=(4)
i}

(3)
4

4)

The question whether or not (5) = (3) remains open.
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We introduce some terminology. Let D be a Dedekind domain with realizable
pair {C(D),A} where A = {\,},eq and @ is some indexing set. By unique fac-
torization of ideals into finite products in D we have for any ideal J of D a finite
subset Ay = {A,,,. .. ’)\lej} of distinct elements of A such that J can be factored
as

(1) J = Pal,l t 'Poq,xlpaz,l' ) 'Paz,xz' : 'Pa(k_,,l T 'Pakj,xkl

where each P, , is a prime ideal of class \,, for i and ¢ such that 1 </ < k; and
1 <t < x;. Now suppose J = (v) for some v in D and let [ represent the ideal
class of an ideal I of D. Then there exists a subset A, = {A,,,... ’)\"‘km} of
A such that

(_'Y—) - ﬁ)'\‘ll . 13)’\‘*(1)

k(y)
for prime ideals {Pa,.}fz‘}’ each of class A, in A. Now, set F to be the free group
on A. Let
(2) v = Z X)\')\

AEA
where x, = 0if N @ A(,, and x, = x; when A = \,,, for some 1 < < k,,. Since
v is in F we have a map from the principal ideals generated by elements of D
which extends in the usual manner to a group homomorphism

¥ (Prin(D)\(0)) » F

from the group of all nonzero principal ideals of D to F. Thus for each nonzero
v € D we can associate a vector v in F. We will use the notation v = X\ Dea
to denote such vectors. If v is irreducible, we will say that its associated vector
v is of irreducible type. 1t is easy to see that the map ¥ is well defined with re-
spect to ideals generated by irreducible elements (that is, if v is irreducible in D
and ¥ ((y)) = v then ¥ ((«)) = v implies that « is also irreducible in D). Note
that when C(D) is a torsion group the coefficients x, satisfy 0 < x, < order of
X\ in C(D). Clearly not all vectors v defined by (2) are of irreducible type.

ExampLE 1. Suppose we have {Z,,S} with S = {1,2,3}. The irreducible vec-
tors are as follows:

«12,0,0% «0,0,4» «10,1,0%» «0,3,2)»
«8,2,0» «7,L1» «6,3,0% «5,2,1»
«4,4,0» «3,3,1» «2,5,0% «L4.1»
«0,6,0% «4,1,2)) «9,0,1» «2,2,2)
£6,0,2%) «1,1,3» «3,0,3». u
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In the following discussion, let {C(D),S} be a realizable pair. Set
F = {v|¥({(a)) = v for some o € D} and
9 = {v|¥((y)) = v for some irreducible y of D}.

Define by + and — the operations of regular vector addition and subtraction on
the elements of F. Notice that the set ¥ forms a semigroup under +.

DEFINITION. Let 7 be a positive integer greater than 1. 9 has n-(n — 1) clo-
sureifandonlyifz=v, +--+v,—w, —---—w,_;isin Jd for all v,...,v,
and w,,...,w,_, in 9 for which z € F.

The closure properties are in some sense a generalization of the properties V,
and W, discussed in Section I. Notice that a Dedekind domain has 2-1 closure
if and only if it has property W, (and thus V,). The following examples illus-
trate more closely the 2-1 closure property.

ExampLE 2. Let {Z;,S} be a realizable pair with S = {2,3}. Then a brief
check shows 9 = {{(3,0)),40,2%} which is easily seen to have 2-1 closure. W

ExampiE 3. Extended calculations on the set 9 listed in Example 1 show that
it has 2-1 closure. ]

ExaMmpLE 4. Let D be a Dedekind domain with realizable pair {Z,,,S} and
S = {1,3}. Then

9 = {(10,00,(7,10,(4,2»,(1,35»,L0,10%].
9 is not 2-1 closed since (10,03 + <{0,10%y — (7.1 = ((3,9)) & 9. n

In the following Lemma we list some properties of n-(n — 1) closure and find
a connection between the closure properties and properties of element factoriza-
tion in D.

LeMMA 2.4. Let D be a Dedekind domain with realizable pair {C(D), S} and
set of irreducible vectors 9. Suppose n = 2 Is a positive integer. Then:

(1) If 3 has n-(n — 1) closure and a,,...,a,, Bi,...,08,_ are irreducibles
with oy« -a, = B+ B._1Y then v is irreducible.

(2) n-(n — 1) closure implies k—(k — 1) closure for all positive integers k such
that 2 < k < n.

(3) D is HFD if and only if & has n-(n — 1) closure for all positive integers
n=2.
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Proor. For (1), just apply ¥ to (v). (2) follows directly from the definition
and (3) follows easily from (1). |

Let us consider further how a product of n irreducibles can be factored in a
Dedekind domain.

DEerINITION.  Let D be an atomic integral domain and # any positive integer. If
W{(n) = {vy;-*-vs|7y: irreducible for | =i < n in D} and
V(n) = {m| there exist irreducibles 8;,...,8, such that §,---8, € W(n))
= {m| W(n) N W(m) # T},
then define
d(n) = |V(n) and
®(D) = sup{®(n)| n a positive integer}.

In other words, ®(n) represents the largest number of factorizations of different
lengths that a product of # irreducibles might have in D. At the conclusion of
this section we will establish that either (D) = 1 or &(D) = c. We list some
of the basic properties of the ®-function in the following Lemma.

LeEMMA 2.5. Let D be any atomic integral domain and m and n positive in-
tegers with m = n. Then:

() (1) = 1.

2) ®(m) = &(n).

(3) ®(m) =1 implies ®(n) = 1.

(4) D is HFD if and only if ®(D) = 1. B

Clearly in an atomic domain it is possible for ®(n) = o for some positive
integer n > 1. To see this, let D be any atomic domain without the ascending
chain condition on principal ideals. Let (o) C () C - - - be a strictly ascending
sequence of principal ideals in D. For all i let §; be the nonunit such that o; =
8;a;4y. If a; can be factored as a product of n irreducibles then the equality
oy = &;-0;+  + 8-y implies that $(#n) is not bounded. Consider now the situ-
ation where D is a Dedekind domain with finite class group. Let n be any posi-
tive integer. Since there are a finite number of irreducible vectors v in J, there
exist positive integers m and r such that m is the maximum number of prime ideals
which appear in a factorization of a principal ideal generated by an irreducible
of D and r is the minimum number which appears. Thus the longest possible fac-
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torization of a product of » irreducibles is less than or equal to nm/r and ®(n)
is bounded above. If the class group of D is not finite then the last result fails
as the next example shows.

ExaMmpLE 5. Let G = D, Z,and S = {v,, Wp}m=3 Where v,, = (0,...,1,...)

n=3

and w,, = (0,...,m — 1,...) with the nonzero value in each element falling in
the (m — 2)th coordinate. {G, S} is a realizable pair by Corollary 1.6 in [13].
Let D be any Dedekind domain associated to {G,S}. For each m = 3 let P, be
a prime ideal of class v,, and Q,, a prime ideal of class w,,. Let P,,Q, = (vn),
(P,)" = (o) and (Q,,)" = (B,,) for irreducibles v,,, a,, and 3, of D. Then
(PrO0n)" = (Py)™(Qx)" and «,,8,, = v/i. Thus each «,,5,, € W(2) and each
T € W(2). Hence m € V(2) and V(2) = {2,3,4,5, ...} implies that ®(2) = oo,

|

ExAMPLE 6. Let D be the ring of integers in a finite extension of the rationals
with class number 3. We compute ®(n) for any positive integer n = 2. We first
find an upper bound for the lengths of possible factorizations of the product of
n irreducibles. Let n be an odd positive integer greater than one. The principal
ideal generated by the product of n nonprime irreducibles contains at most 3n
prime ideals and the principal ideal generated by the product of (3n + 1)/2 non-
prime irreducibles contains at least 3n + 1 prime ideals. Thus no product of n
nonprime irreducibles factors as a product of (3n + 1)/2 irreducibles. Now, let
P be a prime ideal of class 1 and Q a prime ideal of class 2. Let «, 8 and ¢ be
irreducibles such that () = P3, (8) = Q* and ({) = PQ. If v is any irreducible
of D then o "~V (n=172y = 3y ¢:3(n=1/2y with u a unit of D and n irreducibles
of D can be factored as (3n — 1)/2 irreducibles. Thus (3n — 1)/2 is the least
upper bound of the length of a factorization when # is odd. Using a similar argu-
ment we get a least upper bound of 3n/2 when n is even.

For the greatest lower bound on the length of factorizations of a product
of n irreducibles we consider three cases, n = 0, 1 and 2 (mod 3). f n =0
(mod 3) then {" = ua*B* with n = 3k and u a unit of D. Thus n irreducibles
can be factored as 2n/3. Since the product of » nonprime irreducibles contains
at least 2n prime ideals and the product of (2r — 3)/3 nonprime irreducibles
contains at most 2rn — 3 prime ideals, n irreducibles cannot be factored as
(2n — 3)/3 irreducibles. Thus 2n/3 is the greatest lower bound for the number
of factors possible for a product of 7 irreducibles. Using similar reasoning in the
other two cases yields (2n + 1)/3 for n = 1 (mod 3) and (2n + 2)/3 for n =
2 (mod 3).
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For a given value of n there exists a factorization of n irreducibles into a prod-
uct of k irreducibles for any k between the least upper and greatest lower bounds.
To see this we use the product uef = {3 constructed above. Assume # is an odd
positive integer. We show there exists a product of n irreducibles which has a
factorization into a product of k& irreducibles for each & such that n < £k <
(3n — 1)/2. By a previous argument o "~1/28(1=1/2y = 3 £3(n=D72y with v any
irreducible of D and u a unit. Notice that by repeatedly exchanging the product
of for uf? in o ("~ D723 (=72, "the length of the factorization can be increased
by 1 until the product u{3"="/2y is reached. A similar argument works for fac-
torizations of length k& when n is even and n < k < 3n/2. For values of & less
than 7 the argument breaks into 3 parts. If » = 0 (mod 3) then by repeatedly
exchanging u¢? for af in ua’*p"3, the length of the factorization can again
be increased by 1 until u{” is reached. Thus there exists a factorization of a
product of n irreducibles into a product of k irreducibles for each & such that
2n/3 < k < n. Similar arguments work when n = 1 or 2 (mod 3). By subtracting
the upper and lower bounds and adding 1 we obtain the following answers mod
6 for ®(n) =

(1) (57 + 6)/6 if n = 0 (mod 6),

() Gn+ 1)/6if n =1 (mod 6),

(3) (5n+ 2)/6 if n = 2 (mod 6),

4) (Sn+ 3)/6 if n = 3 (mod 6),

(5) (51 + 4)/6 if n = 4 (mod 6),

6) (5n—1)/6 if n =5 (mod 6). [ |

Using Lemma 2.4 we can now deduce the following relationship between the
closure properties and the ®-function.

COROLLARY 2.6. Let D be a Dedekind domain with realizable pair {(C(D), S}
and set of irreducible vectors 9. Suppose n = 2 is some positive integer. Then
9 has n-(n — 1) closure if and only if ®(n) = 1.

Proor. Suppose o, -:-«a, is a product of n irreducibles and 3,---8,, is a
product of m irreducibles for m =z n. If oy, = B,---B,, then ;- -, =
By Bu-1(BrB) and Lemma 2.4 yields 8, - -3, is irreducible; hence n
m. There is no loss in assuming m = n for if m < n the factorization «, - - -

o = BBy yields

Q- Q- Oy = BI"'ﬂmal" "Cn—m

and the term on the right has n factors. Reasoning as before n + n — m = n
so n = m. Similar reasoning supplies the converse. |
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Let D be a Dedekind domain with finite class group in which each ideal class
contains a prime ideal. Using the result of Czogala [7] concerning the property
V,, mentioned in Section I, and Corollary 2.6, we see that 2-1 closure in D im-
plies n—{n — 1) closure for all positive integers n = 2. This leads to the following
characterization of such domains, the proof of which is an easy application of
Theorem 7 in [2], Lemma 2.5 and Corollary 2.6.

THEOREM 2.7. Let D be a Dedekind domain with finite class group in which
each ideal class contains a prime ideal. The following are equivalent:

(1) D has class number less than or equal to two.

(2) D is HFD.

(3) D is CHFD for some r > 1.

4 ®(2) = 1.

(5) ¥(n) =1 for all n > 1.

(6) D has 2-1 closure.

() D has n-(n — 1) for all n = 2. n

Notice that the Theorem above asserts that $(2) = 1 implies that D is HFD. Af-
ter introducing some terminology we will demonstrate that this result does not
extend to arbitrary Dedekind domains.

It will often be convenient to refer to a product of a fixed number of prime
ideals from a given ideal class. If it is understood that a prime ideal P lies in
a given ideal class, say s, of C(D), let P™ represent the product of x not nec-
essarily distinct prime ideals from the class s. Thus, for the ideal J of equa-
tion (1) we can create a representation of the form

(x1)
3) PV POk,

o kg
While for an element o of D the coefficients x; above are merely the nonzero
eniries of the vector v associated to (o) we will frequently find such products
clearer and more useful than the straight vector notation. For a given ideal 7 of
D we will refer to its representation (3) as the class type of I. We will use the
symbol (7] to refer to the class type of the ideal 1. If v is irreducible we shall
refer to [(y)] as an irreducible class type. We will illustrate this terminology in
the next example.

ExaMpLE 7. Let n be a positive integer with n = 2. Let G be the direct sum
of n copies of Z,,,, and let D, be a Dedekind domain with realizable pair {G, S}
with

S={10,...,0),...,00,...,0,D),(n+ L,n+1,...,n + D).
In this case we show ®(n) =1 (hence (k) =1forl <k <sn)but d(n+1) # 1.
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To begin, notice that the irreducible class types of D, are

(1) P1(n+2), P2(n+2)’ . ’P’5n+2)’

(2) Q"2

@) PP PO,
where P; represents a prime ideal taken from the class represented by the ith
canonical basis element of G and @ from the remaining class (7 + 1, n + I,
...,n + 1) of S. Suppose v, --v, is a product of n nonprime irreducibles of
D,,. We consider two cases.

Case 1: Suppose all of the irreducibles in vy,;---v, are of types (1) or (2).
By the pigeon hole principle at least one of the class types P{"*3, . .. P{+2,
Q"*? does not appear in [(y, - -v,)]. Thus no other factorization of the ele-
ment v, - - -7y, contains an irreducible of type (3). By a counting argument on the
number of prime ideals which appear in (y, - - - v,.), any irreducible factorization
of v, --v, will have length n.

Case 2: Suppose exactly k of v,-- -y, are of type (3). Again by a counting
argument, one of the prime ideals P,...,P,, Q appears in [(y;---v,)] to a
power less than n + 2. Thus any irreducible factorization of v, - - -y, must con-
tain exactly k irreducible factors of type (3). Applying Case 1 to the prime ideals
left after k primes of each class are removed from the prime factorization of
(y1* +7vn) yields the desired result. This establishes ®(#n) = 1.

D, does not have ®(n + 1) = 1 since if P{"*? = (v,),...,P{" = (v,),
QU = (y,4) and P{V---PVQW = (B) then v, Y, ype1 = uB"*? for u a
unit of D and thus n + 1 irreducibles can be factored as a product of n + 2 ir-
reducibles giving ®(n + 2) = 2. |

Note that the domain D, is also an example of a Dedekind domain with
n-(n — 1) closure but not (n + 1)-n closure. While 2-1 closure does not imply
n-(n —1) closure for all n = 2, we do have the following general criteria for
Dedekind domains.

THEOREM 2.8. Let D be a Dedekind domain with realizable pair {C(D),S]}.
The following are equivalent:

(1) D is HFD.

(2) ®(n) =1 for all positive integers n.

(3) 9 has n-(n — 1) closure for all n = 2.

(4) There exists a fixed positive integer m such that 9 has n-(n — 1) closure

forall n = m.
(5) 9 has n-(n — 1) closure for infinitely many positive integers n.
(6) ®(n) = 1 for infinitely many positive integers n.
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Proor. (1) & (2) & (3) by Lemma 2.5 part (4) and Corollary 2.6. (3) =
(4) = (5) = (6) are trivial. (6) = (2) by Lemma 2.5 part (3). [ |

We now demonstrate a property of the &-function as applied to atomic domains.

THEOREM 2.9. Let D be an atomic domain. If ®(n) > 1 then ®(kn) = k + 1
Jor all positive integers k. It follows that either ®(D) = 1 or ®(D) = oo, hence
D is HFD if and only if ®(D) is finite.

Proor. Suppose ®(D) # 1. Then there exists a positive integer n such that
&(n) > 1. Thus there exist irreducibles «;,...,o, and B,...,8, such that
oo, =B -8, with n # m. Let k and ¢ be integers such that 0 < r < k and
consider the equality

“4) (@) = (By+++Bm) (e ap)".

One side of (4) has nk irreducibles and the other n(k — ) + tm. We claim that
the numbers (n(k — t) + tm}%_, are distinct. To see this suppose that for x and y

nk — x) + xm = n(k — y) + ym.

Then clearly (m — n)x = {m — n)y and since m # n, x = y. Thus ®(kn) =
k + 1 and $(D) is not bounded. u

III. Some results on Dedekind half factorial domains

We use the results of the second section to show that certain arithmetic condi-
tions on the set 9 force D to be HFD when C(D) is cyclic. Our work here ex-
pands results of Zaks in [41] and [42] and Skula in [36]. We begin by considering
a condition which is applicable to any realizable pair { C(D), S} but later restrict
our attention to pairs where C(D) is cyclic and the elements of S have a certain
divisibility property.

DerINITION. Let D be any Dedekind domain with realizable pair { C(D), S}
and set of irreducible vectors 9. A vector v = (X Wses of 9 is pure irreducible
if only one of the x,’s is nonzero. If v € 9 is not pure irreducible, then we shall
refer to it as mixed irreducible.

Notice that if v is a pure irreducible vector of g then the nonzero x, must have
value |s| in C(D). Also, if C(D) is a torsion group, it is clear that g will con-
tain | S| different pure irreducible vectors associated to nonprime irreducibles.
If these irreducible vectors are the only vectors in 9 we have the following.
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THEOREM 3.1. Let {C(D),S) be a realizable pair. If the set of irreducible vec-
tors contains only pure irreducible vectors, then D is HFD.

Proor. Suppose 9 satisfies the hypothesis and let n be any positive integer.
Let vy,...,0,, Wi,...,w,_; be vectors in 9. Thus each vector is of the form
«0,...,0,r;,0,...00forsomel =ik Ifov, +---+v,—w —---— W,
has only nonnegative entries then we can assume with the appropriate indexing
that w, = v;,...,w,_; = v,_; and

Ul + o4 Un—W] —_— e - wn_lzv".

Thus 9 has n-(n — 1) closure and D is HFD by Lemma 2.4. This result also fol-
lows from fairly straightforward reasoning on the prime ideal factorization of
elements. |

Note that the above proof does not rely on any properties of C(D) or that
S is finite.

ExampLE 8. Let n be a positive integer such that n = pg where p and ¢ are
distinct primes. Let {Z,,S} be a realizable pair with S = { p,¢q}. Then 9 contains
no mixed irreducible vectors. To see this, suppose x; p + x,q4 = n for x; < q and
X, < p. Then p divides x, and it follows that x, = 0 and x; = ¢, a contradiction.
Thus D is HFD. .

ExaMPLE 9. Let (Zy, S} be a realizable pair with S = {6,10,15}. By consider-
ing all multiples n,-6 + n,-10 + n;-15S with 0 = n, <5, 0<n, <3 and 0 <
n3 < 2, it is seen that the set 9 has no mixed irreducible vectors. Thus by The-
orem 3.1 D is HFD. [ |

Example 9 provides a counterexample to a statement made by Steffan in [39].
In this paper Steffan shows that for any Dedekind domain D there exists a con-
stant g such that if «,:--«, = §;-- -8, are two irreducible factorizations of an
element of D then 1/g < r/s < q. In Proposition 3 Steffan claims that when C(D)
is the direct sum of cyclic groups generated by the elements of S the smallest pos-
sible value of g which satisfies the above inequality is m/2, where m is the great-
est order in C(D) of an element of S. His example directly following Proposition
3 is the realizable pair presented in Example 9. By his result 5/2 is the minimal
value of g for this domain. Although 5/2 is an acceptable value of ¢, Theorem
3.1 indicates that ¢ = 1 also works.

Using the same technique as illustrated above we can generalize the last two
examples. Let {s,...,s;) represent the subgroup of Z, generated by s, ...,s.
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THEOREM 3.2. Let {Z,,S} be a realizable pair with S = {s,,...,8:} such that
G NSy, S8y 8 =0 Jorl =i<k
(iee-2,=2, ®---® Z,). Then D is HFD.

Proor. Let v be an irreducible vector in 9. If v is not pure then one of the
intersections listed above is not empty. Thus all irreducible vectors are pure. B

We now consider two properties on realizable pairs {C(D),S}.

DEerINITION.  Let {Z,,S]) be a realizable pair.
(1) If all the elements of S divide n, then S has the all divisor property (RD).
(2) If the set S contains 1 then S is said to be unitary.

The results of Zaks [41][42] and Skula [36] indicate that characterizing unitary
sets S such that {Z,,S} is HFD depends on considering unitary sets with prop-
erty (D). We now focus on extending these results. To begin, the following
lemma is apparent for all realizable pairs {Z,,S].

LemMA 3.3. Suppose {Z,,S} is a realizable pair with S = {s,,...,s:} and
n=2.Ifv=«x,..., ) €5 then

k
) > xis; =dn

i=]

Jor some d = 1 where each sum and product in (5) is taken over Z. [ |

We now give a complete description of 9 as defined in the previous section
when S has property (@D). Given the same setting as Lemma 3.3, let

k
Jg=1{vlve Fand D x5 = n}.
i=1
It is easily observed that & 2 9 2 §. When the latter two are equal we show that
D is HFD.

TaEOREM 3.4, If 9 = ¢ then D is HFD.

PrRooOF. Suppose m € Z* with m = 2 and let v; = xy;,...,%,;» and w; =
«zy,js-.-+2k,;» be elements of 9 for 1 = i<mand 1 <j=<m — 1. Thus
m m—1

k k
21 Xailqg = 23 324,7q = n for all i and j. Suppose D, v, — >, w, € §. Then
q=1 g=1

t=1 u=]



Vol. 71, 1990 FACTORIZATION IN DEDEKIND DOMAINS 81

m m—1 m m—1 k
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=1 =1

u =1 u=1}

and

M=
RS
Mz
&
|
M3
N
a
=
|
M~
T
Mz
&

a,
i
i

il
Mz
o~
M=
& :
~ - S~
|
3
AR
o
M=
2N
2
~z

T
Q
]

m—1
n pa—
1 u=1

Il
INgE]

n

0
il
3
=
|
—_—
3
I
—_
=
i
S

m m—1
Thus > v, — >} w, € 9 and since 9 has m-(m — 1) closure for all m, D is

t=1 u=1

HFD by Lemma 2.4. |
We show by example that the converse of Theorem 3.4 does not hold in general.

ExampLE 10. Let {Z,4,S} be a realizable pair with § = {4,9}. Then 3 =
{(¢6,0),40,8),43,4»} and clearly 9 # . We claim that D is HFD. Suppose
i+ vs = Bi+ - B, are two irreducible factorizations of an element in D. Con-
sidering the irreducibles above as vectors in 9, suppose v; - - -y, contains §; vec-
tors of type 6,0, s, vectors of type «0,8)), and s; vectors of type ((3,4)). Let
t,, 1, and t; be the corresponding numbers of vectors for 3, - --8,. By counting
prime ideals we have 24, + t; = 25, + 53 and 24, + 13 = 25, + 53. Adding these
equalities yields f = £, + ¢, + ¢t = 5, + 5, + 53 = 5 giving D is HFD. |

However, under property (@9) the converse of Theorem 3.4 does hold.

TurEOREM 3.5. Let {Z,S) be a realizable pair with S = {s,...,s;}. If S has
property (®@D) and D is HFD then 9 = §.

X

Proof. Suppose v = ((X),...,X)) € 9 with D, x;s; = tn for t = 1. Let
i=1

v’ = {m; — x;M¥_, where m; is the order of s; in Z,. Suppose that v is an ir-

reducible associated to v and 4’ an element associated to v’. Notice that yy’ =

k

[I P/ with P; a prime ideal of class s; and thus yy" = ;- - -8, with each §;

i=1

irreducible. Since D is HFD, this implies v is the product of & — 1 irreducibles,
say 7+ -ng—;- Notice that if v; = «¥;1,¥i2,...,Yix» is the vector associated
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k k
with 5, then )} y;;-s; = n for each 1 < i < k — 1 and thus 3, (m; — x;)s; =
Jj=1 i=1

(k — 1)n. Now

™

(m; —x)si=kn—tn=(k - tn

i=1

implies that (k — t)n = (k— )nand so ¢t < 1. Clearly t > 0 so ¢ = 1. [ |

Thus, under property (@D), Lemma 3.3 can be immediately improved to

CoRroLLARY 3.6. Suppose {Z,,S} is a realizable pair for n = 2 and S =
{s1,...,8) has property (QD). Then D is HFD if and only if for all irreduc-

k
ible vectors v = (X1, .., X, D, XS = n.

i=1

Notice that for cyclic class groups Corollary 3.6 offers a slightly different char-
acterization of splittability. In fact, since Examples 1 and 2 satisfy the Corollary,
Zaks’ results indicate that the sets {12,6,4} and {3,2} are splittable. In the fol-
lowing example, we will use the Corollary and show that a given set of positive
integers is not splittable as well as produce a unitary set with property (@) such
that 9 # g.

Exampie 11, Let {Zs,, S} be a realizable pair with S = {1,6,10,15}. S has prop-
erty (@D) and is unitary. Since the equation x{-1 + x;5:6 + x3-10 + x4-15 = 30
has no integer solutions for 0 = x{ = 1,0<x; =4,0<x;<2and0=<x; <1
the vector v = {1,4,2,1)) is in 9. Thus, by Theorem 3.5, D is not HFD. Further,
by Zaks’ splittability criteria the set {30,5,3,2} is not splittable. [ ]

In general, suppose the hypothesis of Corollary 3.6 holds and that v =
k
«x; Wy is an element of § with D] x;s; = dn for d > 1. If there exist non-

i=1
K
negative integers x; such that >} x/s; = n with x/ < x; then we shall say that
J=1
k
the equation D, x;s; = dn has a subsum which sums to n.
i=1

The next example gives a nonunitary set with property (@D) which also has
9+3.

ExampiE 12. Let {Z4,0,S]} be a realizable pair with S = {2,7,42,70,105}. Note
that S has property (@D). Considering all subsums of 0-2 + 1-7 + 3-42 +
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2-70 + 1-105 = 420 shows that v = (0,1,3,2,1) is irreducible in 9. Thus, as
above, D is not HFD and {110,30,5,3,2} is not splittable. |

As we further consider conditions on the set S which force {Z,,S} to be HFD,
the following lemma, a form of which appears in [41], will be useful.

LemMa 3.7. Suppose {Z,,S} is a realizable pair and S has property (QD).
If {Z,,S} is HED and T is a subset of S such that T generates Z, then {Z,, T}
is also HFD.

Proor. In the presence of the hypothesis, Corollary 3.6 gives a condition for
irreducible which is inherited by subsets. |

In [41] Zaks show that if {Z,,,S]} is a realizable pair with associated Dedekind
domain D and S is unitary then D HFD implies that S has property (RD). We
now produce a partial converse to this result.

THEOREM 3.8. Let {Z,,S} be a realizable pair with S = {1,r,s}. D is HFD
if and only if S has property (QD).

Proor. Because of Zaks’ result we are only concerned about one implication.
Suppose v = (xy,X2,X3» Is an irreducible vector of 9. Suppose x; + x,r +
x38 = dn for d > 1. We consider two cases: (1) Suppose x; + x,r < n. Then
x38 > n and since s divides n, setting x{ = 0, x; = 0 and x3 = n/s, we have
x{ + x3r + xis = n. Hence v is not irreducible. (2) Suppose x; + x,r > n. If
X»r > n then the result follows in a manner similar to (1}. If x, r < n then
Xy >n—xyr. Set x{ = n — x,r and x5 = x,. Then x{ + x;r = n and again v is
not irreducible. Thus 9 = § and by Theorem 3.4 D is HFD. |

Example 11 shows that the last theorem is the best result we can hope for in
terms of the number of elements in S. The next corollary follows from Lemma
3.7 and Theorem 3.8.

CoOROLLARY 3.9. Let {Z,,S} be a realizable pair. Then:
(1) If S = {1,s) then D is HFD if and only if S has property (RD).
(2) If S = {r,s} and has property (@D) then D is HFD. |

Example 10 indicates that the converse of (2) does not hold in general.

ExampLE 13. Let n, and 7, be any two consecutive positive integers and let
n be any positive integer divisible by both #, and n,. If D is a Dedekind domain
associated with the realizable pair {Z,,{n;,n,}} then D is HFD. [ ]
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Theorem 3.8 implies the following result with respect to splittability.

CoroLLARY 3.10. Let r and s be positive integers not equal to 1. Let m be
any common multiple of r and s. Then the set {m,m/r,m/s} is splittable. B

- Since by Lemma 3.7 any subset of a splittable set is splittable, the last corol-
lary implies that the sets {m,m/r}, {m,m/s} and {m/r,m/s} are splittable.

The results of Theorem 3.8 raise the following question. If {Z,, S} is a realiz-
able pair and S = {1,r,s} a set with property (D), what additional elements di-
visors of # can be added to S so that the HFD conclusion will remain valid? The
following theorem provides a partial answer.

THEOREM 3.11. Let {Z,,S} be a realizable pair with S = {1,r,s} a set with
property (@D). Suppose t, is a positive integer not in S such that t\|r or t|s
and that t,,t,,...,1; is a sequence of positive integers such that t;|t;_, for all
2=<i=<j IfS ={l,ns,t,,...,1;} then any Dedekind domain D associated with
the realizable pair {1,,S’) is HFD.

Proor. Notice that S’ has property (RD). Let D be Dedekind with realizable
pair {Z,,S’} and set of irreducible vectors 9. Let x;, x,, x; and y,,...,y; be non-
negative integers such that v = {((x,x2,X3,)1,...,y;» is in 9. Suppose

(6) X+ xr +x35 + by +---+ it =dn for some d > 1.

Since r and s divide n, x,r + x38 < 2n. If x,r + x35 < n then, since x; +
yity +--++ yit; > nand t|n, clearly a subsum of x; + yt; +...+ y;t; sums
to n. So assume n < x,r + x35 < 2n. Note that

2n — (Xar — x38) > n — xpr and 2n — (xpr + x35) > n — X3 8.

Now, x; + yit; +---+ y;t; = 2n — (xr + x35). Since t,|r or #;]s, ¢, divides
either n — x,r or n — x35. Thus some subsum of x; + y,#; +---+ y;{; sums to
either n — x,r or n — x35. Without loss of generality assume x{ + y{f; +---+
Yitp=n—xyrfor x{ s xy, y{ < yy,...,y/ <y, Thus (x{ + yyyit;y +---+
Yit;) + x,r = n and some subsum of (6) sums to ». [ |

We close this section with a Corollary which follows from the last Theorem
and Lemma 3.7,

CoroLLARY 3.12. Let {(Z,,5} be a realizable pair with S = (r,s,t,,...,1;}
such that t\|r or t\|s and t;|t;,| for all 2 < i < j. Then
(1) If S has property (QD) then D is HFD.
(2) If m is any common multiple of r and s then the set {m,m/r,m/s,m/t,,
..., m/t;} is splittable. [ ]
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IV. Congruence half factorial domains

We now consider Dedekind domains which are CHFD for some r > 1 but not
HFD. In [2] we established the following.

TueoreM 4.1. Let {Z,,S} be a realizable pair with S = {1,n — 1} and n > 3.
Then any Dedekind domain associated with (Z,,S} is not HFD but is CHFD of
order r = n — 2. n

We build on the above result exploring factorization in Dedekind domains with
finite class groups. We begin with the cyclic case.

THEOREM 4.2. Assume D is a Dedekind domain with realizable pair {Z,,S}
such that 1 and m are in S (there may be prime ideals in other classes). Set
GCD(m,n) = k, ks = m and kt = n. If D is CHFD of order r > 1 then r divides
s— 1.

Proor. Let O be a prime ideal of the class 1 and R a prime ideal of the class
m. Then ¢ is the order of m in Z,. Let «, 8, and v be irreducibles such that

(o) = Q" (B)=R, and (y) = Q" "R
Thus

(,YI) — (Qn—mR)t — Q(/—s)nRr — (Qn)t—SRl — (011_56).

CHFD of order r then implies =t — s + | (mod r). Hence r dividess=1. ®

Notice that if m divides # then s = 1 and s — 1 = 0 and Theorem 4.2 tells us
nothing. The Theorem also provides us an alternate proof Theorem 7 of [2]. Let
D be a finite ring of algebraic integers. Then there are prime ideals in 1 and m
for all m. Thus CHFD of order r implies 7 divides s — 1 for all possible values
of s, which can never occur unless n < 2.

The next Corollary follows from the above Theorem. We note that (1) is the
result established by Zaks {41] mentioned in Section III.

COROLLARY 4.3. Assume D is a Dedekind domain with realizable pair {Z,,,S}
and that 1 and m are in S. Then:
(1) If m does not divide n then D is not HFD.
Q2) If GCD(m,n) = 1 then D is not HFD and D CHFD of order r implies
that r divides m — 1.
(3) If m = n — 1 then D is not HFD and D CHFD of order r implies that r
divides n — 2.
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Proor. For (1), since m does not divide n, s # 1 so s — 1 = 1. By Theorem
4.2 there is an upper bound (s — 1) for the values r. Since HFD implies CHFD
for all r > 1, D is not HFD. The statements (2) and (3) follow from (1) and The-
orem 4.2, |

Let n be an even positive integer. If D is a Dedekind domain with realizable
pair {Z,,S} with S = {1,2} or {1,n/2}, then Corollary 3.9 indicates that D is
HFD. We consider similar situations in the next three Theorems when » is odd.

THEOREM 4.4. Let n = 3 be an odd positive integer and assume D is a De-
dekind domain with realizable pair {Z,,S} such that there are prime ideals in
classes 1 and 2. Then D is not CHFD for any r > 1.

Proor. If nis odd then GCD(2,n) =1 and the result holds by Corollary 4.3
part (2). |

THEOREM 4.5. Let n = 3 be an odd positive integer and assume that D is a
Dedekind domain with realizable pair {Z,,,S} such that there are prime ideals in
the classes determined by 1 and (n + 1)/2. Then D is not CHFD for any r > 1.

Proor. Let R and Q represent prime ideals of the classes (n + 1)/2 and 1
respectively. Let A; be an element of D such that [(A;)] = RV Q% where 0 <
i < n and x; is the smallest positive integer such that

(n ; l—)z + x; = 0 (mod n).

Let v; be the vector associated with [(A;)]. We wish to identify which vectors
vy,...,U, are irreducible where v; = (i, x;). For i = 2k, the least positive resi-
due of [(n + 1)/2]}i is k and hence x; = n — k. For odd i = 2k + 1, the least
positive residue is [(# + 1)/2] + k and hence x; = [(n — 1)/2] — k. Now, notice
for 2k that vy, = vy, + v, s0 none of the vectors v,, v4,...,v,_; is irreduci-
ble. On the other hand, the vectors v, are irreducible since the R “exponents”
1,3,...,2k + 1 are increasing while the Q “exponents” are decreasing. Thus the
irreducible vectors are vg,vy,v3,...,Uk415- - - » Uy—z, and v,. To show that D is
not CHFD of order r > 1 choose k,, k;, and k3 so that y = &k, + k> + k3 =
(n — 3)/2 (this can be done since the k; need not be distinct and may be zero).
Then
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Also
[(n—=1-=-2Kk)72] + [(n—1-=2k;)/2] + [(n = 1 = 2k3)/2] = n.

Thus vy + v, = Vpg,41 + Va1 + Uaky4s Yields 2 irreducibles written as the prod-
uct of 3 irreducibles. It follows that D is not CHFD for any r > 1. [ ]

THEOREM 4.6. Let n = 3 be an odd positive integer and assume D is a De-
dekind domain with realizable pair (Z,,,S} with S = {1, (n — 1)/2}. Then D is
CHFD of order (n — 3)/2.

Proor. We proceed in a manner similar to Theorem 4.5. Let R be a prime
of class (n — 1)/2 and Q a prime of class 1. Define A; and v; in an analogous
manner to the proof of the last Theorem. For i = 2k, the least positive residue
of [(n — 1)/2}iis n —- k and hence x; = k. For odd i = 2k + 1, the least positive

residue is [(n — 1)/2] — k and hence x; = [(n + 1)/2] + k. Notice that v,, =
k
>, v, and vy = vy + v;. Thus the only irreducible class types are

i=1
[Ag] = Q™, [A;] = RDQU=DD, [A] = RPQW, [4,] = R™.

There are three key identities among the irreducible vectors:
n-1)/2
D) vy+uv, = <( Z) v2> + v.
i=1
(n+1)/2
@ v +v,= 2; v,
i=

(3) vo+ vy =1v, + v;.
Notice that (1) and (2) show that 2 irreducibles can be factored as the product
of (n + 1)/2 irreducibles. Thus if D has CHFD of order r, then r divides
(n+ 1)/2 — 2 = (n — 3)/2. Also, any reduction of a product of irreducibles
using these identities produces a new product whose number of irreducibles is
congruent to the number of irreducibles in the original modulo (n — 3)/2.

To finish we establish some basic notations. Let elements of the form «y,...,
«, represent irreducibles of D with vector vy, 8y,...,8, represent irreducibles
with vector vy, v;,...,7, represent irreducibles with vector v,, and £, ...,§, rep-
resent irreducibles with vector v,. We will use (1), (2) and (3) to show that any
product of irreducibles can be reduced to a product (modulo (7 — 3)/2)) that
involves only two types of irreducible vectors. In fact, an analysis of the reduc-
tions show that any factorization can be reduced to one of the following three
kinds:
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@ BB Ve

) @by B,

© vi-vik -

If one has two factorizations of the elements, reduce both to one of the kinds
above and then proceed as follows: assume 8;--B,v1: v, =B Beyi Vi
By counting the number of ideals of class 1 and (n — 1)/2 on each side of
the last factorization we have that s + 2t =s" + 2¢ and [(n + 1)/2]s + ¢t =
[(n + 1)/2]s" + t'. By the first equation s — s’ = 2(¢' — t) and by the second
t'—t=[n+1)/2](s—s'). Hence s — s' = [(n + 1)/2]1{(s — s’} so s = 5§’
and it follows that ¢ = ¢. Therefore s + ¢ = s’ + t’. The factorizations using
oy o By--B,and vy, - -y, & - - - £, are argued in a similar fashion. These lat-
ter cases are easier, since one of the irreducible class types in each case has prime
factors from only one class.

It is left to show that in two factorizations the reductions do not produce dif-
ferent kinds. The arguments are similar to the one above. We include one here.
Assume 8;-- -8y = «f ---aB( - -B¢. Again by counting prime ideal
of the classes 1 and (n —1)/2 we have s + 2f = s’ and [(n + 1)/2]s + ¢ =
nr’ + [(n + 1)/2]s". Substituting the first equation in the second yields r’ = —¢.
Hence r’ = ¢t = 0 and the factorization reduces to 8;-- -3, = 8, - - -8 where it
follows s = s’ again by counting prime ideals. The other “mixed” cases have sim-
ilar reductions to the trivial case. This completes the argument. |

Summarizing, if D is Dedekind we now have complete answers for HFD and
CHFD when the class group of D is Z, for sets S of the form {1,m} where m
is one of 2, (n — 1)/2 (n odd), n/2 (n even), (n + 1)/2 (n odd), and n — 1.

In [2] we show that for Dedekind domains with class number less than or equal
to three the conditions CHFD for some r > 1 and HFD are identical. Theorem
4.1 shows that for any n > 3 a Dedekind domain with class number n can be
constructed which is CHFD for some r > 1 but not HFD. We explore the rela-
tionships between HFD and CHFD for the particular case n = 4. The results so
far from Theorem 3.1 and Corollary 4.3 imply the following for Dedekind do-
mains with class group Z,.

CoRrOLLARY 4.7. Let D be a Dedekind domain with realizable pair {Z4,S}.
Then D is HFD if and only if S = {1}, S= (3}, S={1,2}, or S={2,3}. ®

We now consider the case where D has class group K, the Klein 4-group.

THEOREM 4.8. Let D be a Dedekind domain with class group K the Klein 4-
group. The following are equivalent:
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(1) D is HFD.

(2) D is CHFD for all r > 1.

(3) D is CHFD for some r > 1.

(4) All of the nonprincipal prime ideals are in at most two classes.

Proor. Since (1) and (2) are equivalent and (2) implies (3), we show that (3)
implies (4) and that (4) implies (1). By the Grams result, if { K, S} is the realizable
pair associated with D, then S generates K. Let K = {e,a,b,ab}. As usual, dis-
regarding the prime ideals which lie in e, we have two cases.

Case 1: S = {a,b,ab}. The original result of Carlitz [1] shows that in this case
D is not HFD. Theorem 7 in [2] shows that D is not CHFD for any » > 1. Thus
(3) implies (4).

Case 2: S = {a,b}. It is easy to show that all the irreducibles of D are pure.
Thus by Theorem 3.1 D is HFD.

The other possibilities (S = {a,ab} and S = {b,ab}) are equivalent to Case
2 using a notation change. Thus (4) implies (1). [ ]

We summarize the last two results together with the main result from [2] in
the following.

COROLLARY 4.9. Let D be a Dedekind domain with class number < 4. Then
D is CHFD for some r > | if and only if D is HFD or D has class group Z,
and S = (1,3} (in which case D is CHFD of order 2). [ |

We continue in a similar manner and will show that a result similar to The-
orem 4.8 holds for Dedekind domains with class group Z; @ Z;. In the proof
we will require the following Corollary which is a direct consequence of Zaks’
splittability criteria.

CoroLLARY 4.10. Let D be a Dedekind domain with class group G, a finite
Abelian p-group for some prime integer p. If the principal ideal generated by
every nonprime irreducible element of D is a product of p prime ideals then D
is HFD. a

We now prove the following.

THEOREM 4.11. Let D be a Dedekind domain with class group Z; ® Z,. Then
the following are equivalent:

(1) D is HFD.

(2) D is CHFD for all r > 1.
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(3) D is CHFD for somer > 1.
{4) S contains no more than 3 elements and either
4a) S = {a,B} witha + 8+ 0 or
(4b) S = {«,B,v) with each of ¢ + B, a + v, and B + v nonzero and
a+B+y=0

Proor. As usual (1) implies (2) and (2) implies (3) are evident so we need only
establish (3) implies (4) and (4) implies (1).

For (3) implies (4) we note that Z; @ Z; being noncyclic implies that S must
contain at least two elements. We establish first that for distinct elements u, v
and win Z; @ Z; if {u,v} € S then 4 + v # 0 and next that if {¢,0,w} S S
then ¥ + v + w = 0. For the first statement we follow reasoning similar to that
in [2] by letting P and Q be any primes in the classes ¥ and v and observing that
when u + v =0 we get P3, Q? and PQ all producing irreducibles. Thus P3Q3 =
(PQ)? yields a product to two irreducibles written as a product of three irredu-
cibles which contradicts CHFD for some r > 1. For the second statement as-
sume {u,v,w} S S. By what has been established we have u, v, w, u + v, u +
w and v + w are all nonzero. We also claim these are distinct. That « is distinct
from v, w, u + vand u + wis obvious. Weseeu v+ wforif u =v+w
then 2u + v + w = 0 and setting P, Q and R in the classes v, w and u we have
(PQR?*)} = P*Q3(R%)2. This yields the product of 3 irreducibles which can be
written as a product of 4 irreducibles which again contradicts CHFD for some
r > 1. Argument of the other possibilities in this same manner yields u, v, w,
u+ v, u+ wand v+ w are distinct elements of Z; @ Z;. Also none is zero either
by assumption or by the first argument given. Since 24, 2v, 2w are also nonzero
elements and Z; @ Z, has only eight nonzero elements, it follows that the inter-
section of {2u,2v,2w} with {u,v,w,u + v,u + w,v + w} is nonempty. Simple
calculations yield the only possibilities are 2u = v + w, 2v =u + w or 2w =
u + w. Any of these three produce the desired equation u + v + w = 0. To estab-
lish (3) implies (4) we observe that if S contains either exactly two elements or
exactly three elements, then the above establishes the conditions of (4a) or (4b).
We see S cannot contain four elements for {«, 3,7} € S yields by the reasoning
above that {a,8,v,a + 8, + 7,8 + v,2a + 8,2a + v} are all of the nonzero
elements. The addition of any of the last five elements to {«,83,v} contradicts
the second property established as is seen, for example, by {a,8,v,a + B} € S
yielding {«,8,a + 8} € S, hence « + 8 + o + 8 = 0. This gives a = . Similar
contradictions are obtained replacing o + 8 withanyof o + v, 8+ v, 2a + 8
or 2a + v.
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To show that (4) implies (1) we observe in the case (4a) that the only possible
irreducible types are P3, PQ?, P2Q, or Q® where P and Q belong to the classes
a and B (notice that PQ? and P?Q may not produce irreducibles). Thus D is
HFD by Corollary 4.10. In the case (4b) the only possible products producing
irreducibles (again, not all may give irreducibles) are P3, Q3, R?, PQR, P2(Q,
PQ?, OR?, Q*R, PR?, and P?R where P, Q and R are from the classes «, 8 and
v. Again, Corollary 4.10 establishes D is HFD. [ |

It is now easy to show that the cases thus far discussed (that is, when the class
group of D is isomorphic to either Z,, Zs, Z, ® Z,, or Z; @ Z;) are the only
instances where D HFD and D CHFD for some r > 1 are equivalent. We begin
with a result that follows from the work done in [42] and [2].

THEOREM 4.12. Let n be a positive integer divisible by either

(1) a prime greater than 3 or

(2) 6.
Let G be any finite abelian group of order n. There exists a subset S of G — {0}
and a positive integer r > 1 such that any Dedekind domain associated to the
realizable pair {G,S} is CHFD of order r but not HFD.

Proor. If G is cyclic the domain constructed in Theorem 4 of [2] will suffice.
Suppose G is not cyclic. Decompose G into a direct sum of cyclic groups, say
G=12,®Z, ® - -@® Z, . This decomposition can be accomplished so that
one of these summands has order greater than 3, Without loss of generality as-
sume n,; is this summand. Let D be a Dedekind domain with class group G with
S ={(1,0,...,0),(0,1,...,0),...,(0,0,...,1),(n, — 1,0,...,0)}. {G,S]} is a re-
alizable pair by the Grams result. An argument nearly identical to that used in
Theorem 4 of [2] shows that D is CHFD of order n; — 2 but not HFD. =&

We now consider the cases where C (D) is isomorphic to the direct sum of cop-
ies of Z, or Z;.

THEOREM 4.13. Let ¢ be a positive integer greater than 2 and let {G,S} be
the realizable pair consisting of S = {(1,0,...,0),(0,1,...,0),...,(0,0,...,1),
(1,1,...,1)} and either

1) G= 32, 0r
i=1

Q) G= §z3.
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Any Dedekind domain D associated with the pair {G,S} of either (1) or (2) is
not HFD but is CHFD of order ¢ — 1.

Proor. For (1), to see that D is not HFD, let P, P,,...,Q be prime ideals
taken from each elment of S in the order in which they appear. Each of the class
types P2, P52, ..., 0@ and P{" P - .- QW are clearly irreducible. Let (y,) =
P, (v2) =P3,....(ver) = Q%and (§) = PPy Q. Thus y,72-  *Yers = uf?
where u is a unit and thus D is not HFD.

We now argue that D is CHFD of order ¢ — 1. The irreducible types listed above
(P?,...,0®, PP ...QWYy are the only irreducible types possible since
each element of G has order two. We will refer to the irreducibles associated to
the class types P{?, PZ(Z), e ,Pc(z) as irreducibles of pure basis type, the irredu-
cibles associated to Q@ as pure of non-basis type, and those associated to P{" -
PV ... 0 as mixed type. Let y be any nonzero nonunit of D. If y = ajap - -
a,, is a factorization of v into irreducibles of pure basis type, then by an argu-
ment similar to that used in the proof of Theorem 3.1 any other factorization
of v into irreducibles will contain m irreducible factors. So suppose v contains
irreducibles of pure non-basis type or of mixed type. Suppose y = 3;---8, =
8, - -8, are two irreducible representations of v. Now suppose v = §; - - - 6,, has

(1) r irreducibles of pure basis type,

(2) t irreducibles of pure non-basis type,

(3) s irreducibles of mixed type.

Let r, t’ and s’ be the similar parameters for the factorization §,- - - 3,. Notice
that ¢/ =t + k for some integer k. Using the unique factorization of ideals
in D, we must have s’ =s —2kandr =r+ kc. Nowm=r+t+sand n =
r' + s’ + t’ implies that

n—-—m=t +s"+r —(r+t+s)=k—-2k+ kc=k(c—-1).

Thus n = m (mod ¢ — 1).

For (2), let P,,...,P., Q be prime ideals as in the proof of (1). The irreduci-
ble class types of D are easily seen to be

()PP forl<ise,

2 @9,

(3) PPPY .. PPQW,

@ PPV PVQ®.
We will again refer to irreducibles under (1) as irreducibles of pure basis type,
those under (2) as irreducibles of pure non-basis type, and irreducibles under (3)
and (4) as irreducibles of mixed type. Continuing in a manner similar to the proof
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of part (1) of this theorem, let v be a nonzero nonunit of D and v = v+« - yp,
an irreducible factorization of y. As before we pass to the case where y =
Y1-* *¥m is an irreducible factorization which contains irreducibles of pure non-
basis type or of mixed type. Suppose v, ‘v, contains

(1) n; irreducibles of pure basis type P,

(2) r irreducibles of pure non-basis type,

(3) m, irreducibles of mixed type PP ... PP QW

(4) m, irreducibles of mixed type P/VPSV ... PVQ®@,
If v = B8,---B, is another irreducible factorization of vy let n;, r’, m{, and m}
be the corresponding parameters. Set g, = my — my, g, =my, —my, k=r—r’
and s = n; — n{. Simple calculations yield

qzz_—ycz:i, szﬁ_z—ql and n—m=(c—1)(—k——2—q]>.
By counting ideals we can show that if k is even then so too must ¢, and if &
is odd then so too must ¢,. Thus k + g, is always even and ¢ — 1 divides n — m.
|

We now summarize our results in the following.

CoRrOLLARY 4.14. Let G be any finite Abelian group. There exists a Dedekind
domain with class group G which is not HFD but is CHFD for some r > 1 if
and only if G is not isomorphic to 2., L, L, ® Z,, or s ® Z,.

Proor. Due to Theorem 4.12 we need only discuss the case where G has or-
der 2% or 3/ for k and j positive integers greater than 2. Suppose G is such a
group. Again, if G is cyclic we are finished by Theorem 4 in [2]. If G is not cyclic
decompose G into a product of cyclic groups. If G contains a summand greater
than 3, then the argument offered in Theorem 4.12 again works. If G does not
contain a summand greater than 3 then G is isomorphic to one of the groups
mentioned in Theorem 4.13. |
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